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Energy absorption structures are critical components in many engineering applications, such as sport 
equipment and transportation crashworthiness. Conventional energy absorption structures such as 
foams and lattices have demonstrated their effectiveness and strengths, however, they lack the 
significant design degrees of freedom that 3D hierarchical architected lattices possess. This research 
aims at expanding the design domain of energy absorption lattices, and aids future work in design 
optimization of energy absorption lattices. 
This research investigates the energy absorption capabilities of 3D hierarchical architected lattices. 
Hierarchical lattices are structures composed of self-similar or different architected metamaterials 
across multiple length-scales. Hierarchical architected lattices have superior properties when 
compared to conventional homogeneous materials; and opens the door for a wide range of material 
property manipulation and optimization.  
The effect of introducing a hierarchy to a lattice on the energy absorption performance is 
demonstrated. In addition, the effect of relative density on the energy-absorption was isolated by 
creating a comparison between a 1st order Octet lattice that has the same relative density as a 2nd order 
Octet lattice. The effect of changing the 2nd order unit cell geometry from an Octet, Dodecahedron, 
to Truncated Octahedron is studied. The results will establish a series of trends related to energy-
absorption capacity, volumetric energy-absorption efficiency, load, and strain applied. The effect of 
changing the cross-sectional geometry of the trusses with respect to energy-absorption performance 
is investigated. Changing the orientation of the 2nd order cells has a considerable effect on the force 
displacement-curve, and the energy-absorption performance of the lattice. An analytical solution for 
the 1st order and the 2nd order Octet lattices is discussed to the validate the force-displacement results 
obtained from the finite element analysis. In addition, in order to compare the force-displacement 
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behavior of the 1st and the 2nd order Octet lattices, an experimental compression test mimicking the 
finite element analysis boundary conditions was conducted. The findings and the provided 
comprehension of this research will aid the future work in optimization of energy-absorption 
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CHAPTER I: INTRODCUTION 
 
1.1 Background and Literature 
 
During impact scenarios, we often seek to protect a piece of machinery, a structure, or ourselves; from 
the destructive effect of the transmitted force that can have a negative impact on the body that is being 
hit.  Scientist and engineers have always been looking for ways to absorb impact energies efficiently, 
and over a wide range of impact intensities [1]. Energy absorption is an important field that affects 
many industries and has critical applications. In the transportation industry, important applications are 
crashworthiness of vehicles [4], and crashworthiness of airplane fuselage [5]. Important applications 
in the sports industry are the midsole and insole in running shoes for comfort [2], and extreme-sports 
helmet cushioning for safety [3]. These needs have been mostly addressed by using cellular materials 













Figure 1: Classification of cellular materials [6] 




In general, cellular materials can be classified into two main categories as seen in Figure 1. Foams and 
lattices [6]. Foams have shown to achieve good energy absorption performance. Foams are composed 
of internal cellular structures that can collapse and dissipate energy. In general, foams can be 
categorized as either open cell foams or closed cells foams [6]. Closed cell foams can absorb energy 
through the crumbling action of internal cells and the compression of internal air trapped inside the 
cells. Open cells can dissipate energy through cell collapsation and the action of air displacement [6]. 
Various parameters that can affect the energy absorption capabilities of foams have been investigated 
[7][8]. One of the most important features that can be controlled in foams is the gradient density 
across the foam, by changing the density gradient function across the foam, one can alter the 
optimized range of energy absorption, the logarithmic density gradient stands as the best density 
gradient for impact energy absorption when compared to linear, cubic and square root density gradient 
functions [7]. Having a density gradient allows the foam to efficiently absorb the impact energy over 
a wider range of loads [7]. Another important factor is the density of the foam. Lower density foams 
tend to have lower plateau stress, and as a result, the flat plateau region occurs at an earlier stage. 
Whereas a higher density foam tends to have a higher plateau stress, and consequently, the flat plateau 
region occurs at a later stage [8]. 
Lattice structures stand as another option for energy-absorption applications. Truss-based structures 
or lattices can take many forms. The most known cell configurations for lattices are simple cube, body 




Simple cube (SC)              Body-centered cubic (BCC)       Face-centered cubic (FCC) 
 Figure 2: Basic unit cell classification [Source: Wikipedia, Cubic Crystal System] 




A lot of studies have been done on the topic of energy absorption capabilities of lattices 
[19][20][21][22]. The lattice unit cells are typically designed to harness instabilities and maximize 
buckling, thus, maximizing energy absorption [9],[16]. Similar to foams, the density affects the energy 
absorption capacity of the lattice [10]. On the other hand, lattices offer more design degrees of 
freedom when compared to foams; which allows the designer to tailor their design to a specific impact 
scenario [3]. Whereas foams are characterized by a chaotic structure (stochastic), therefore their 
behavior is harder to predict.  
For both lattices and foams, the energy absorption capacity is calculated as the area under the curve 
of a stress-strain curve or a force-displacement curve.  
 
 
Figure 3: Relationship between relative density and energy absorption of cellular solids [6] 
FIGURE 3: RELATIONSHIP BETWEEN RELATIVE DENSITY AND ENERGY ABSORPTION 
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Typical trend between the relative density of the structure and its energy absorption capacity under 
compression for cellular materials has been explored previously [8], and can be seen in Figure 3 above. 
The relative density of cellular materials is defined as 
𝜌
𝜌𝑠
, where 𝜌𝑠  is the density of the solid material, 
and 𝜌  is the density of the structure of interest.  
The initial slope (stiffness) of the stress-strain curve or the force-displacement curve depends mostly 
on the material properties. However, the length of the plateau flat region and when it occurs depends 
on the relative density, geometry of the structure, and the strain rate [6]. In addition to the area under 
the curve calculations, a volumetric energy-absorption efficiency factor was introduced in the 
literature. The volumetric efficiency factor is defined as the ratio of the area under the force-
displacement curve (energy absorbed) divided by the maximum transmitted force [3]. The efficiency 
factor is introduced in order to normalize the energy absorption quantity, and compare the energy 
absorption performance of different lattices. 
In dynamic impact scenarios, inertia and time depended material behavior are prominent effects; thus, 
it’s important to distinguish between low, intermediate, and high strain rates. Low strain rates have 
impact velocities below 10 m/s, intermediate strain rates have impact velocities between 10 m/s to 50 
m/s, while high strain rates have impact velocities higher than 50 m/s [15]. Moreover, during an 
impact, the resultant acceleration and its duration are important parameters. These parameters have 
big implications in the head protection industry as many head injury criteria rely on acceleration 
durations as indicators of the likelihood for a person suffering significant head trauma [7][23][24]. 
In an effort to expand on lattices and provide a wider selection for the designer to obtain optimized 
designs, this research will introduce the concept of hierarchical structures in lattices, and investigate 
their energy absorption performance. Hierarchical structures are a bio-inspired design that can be 
incorporated in foams or lattices in order to enhance the energy absorption capability [11][17]. 
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Hierarchical structures are first observed in nature, both in macro and micro scales. Among the 
foremost representative examples of fruits in nature is the pomelo fruit. The citrus fruit is a native of 
South America and can withstand falls of up to 10 meters high and to preserve its integrity [12]. On 
the other hand, man-made hierarchical structures such as the well-known Eiffel tower, incorporates a 
hierarchy to reduce its weight and optimize its structural integrity. Cables used in suspension bridges 
are composed of different wire diameters, strands, twist angles at different lengths scales to optimize 
its strength or fatigue durability. The design optimization of the cable depends on the placement of 
the cable in the bridge, and the cable’s function. 
Recent literature has discussed the potential capabilities of hierarchical structures [11][13][18]. A 2D 
hierarchical tubular structure inspired by tendon was investigated in terms of energy absorption 
capabilities and showed a 73% improvement in energy-absorption performance when a hierarchy is 
introduced [11]. The performance of the hierarchical structure has shown to be sensitive to key design 
parameters such as velocity of impact, mass of impactor and wall thicknesses of tubes [11]. Further 
analyses showed that there is a greater reduction in maximum von mises stresses with lower relative 
density [11]. The effect of introducing a hierarchy on mechanical properties such as stiffness has also 
been investigated by recent studies. For example, the specific stiffness and strength values of 
hierarchical lattices decrease exponentially with the increase in hierarchical order [13],[18]. Moreover, 
among the Octet, Tetrakaidekahedron, and Cuboctahedron unit cells; a hierarchical lattice with a 
combination of a first order Octet and a second order Octet has yielded the highest stiffness [18]. 





1.2 Objective and Significance 
 
While previous studies in lattices and foams for energy absorption have demonstrated their 
effectiveness and strengths, the subject of energy absorption capabilities of 3D hierarchical lattices 
remains to be fully understood. This research will implement the concept of hierarchical structures 
and study the energy absorption capabilities of 3D hierarchical lattices. Such engineered structures 
have complex geometric topologies, and because of the advancements in the additive manufacturing 
field, such designs are now attainable.   
We choose lattices over foams as our host for hierarchical structures, due to the fact that lattices offer 
more design degrees of freedom when compared to foams; which allows us to tailor our design to 
specific impact scenarios [3] 
In this project, the base 1st order structure is an Octet unit cell, while we vary the geometry of the 2nd 
order unit cells. Parameters such as the unit cell geometry of the 2nd order, the cross-sectional geometry 
of the trusses, and the orientation of the 2nd order unit cells will be explored. 
 
Figure 4: Classification of Hierarchical order of an Octet lattice [18]  




1.3 Thesis Overview 
 
This thesis holds four chapters. The first chapter embraces the background, literature, objective and 
the significance of this research. Chapter II covers the methodology of this research that includes the 
design procedure, the FEA setup, the material characterization discussion, the fabrication method, 
and the experimental testing setup. Chapter III contains the FEA results and discussions, followed by 
an analytical solution for verification, and at the end, the experimental test data will be analyzed. 
Chapter IV concludes with all the findings and the results on the energy absorption capabilities of 3D 














CHAPTER II: METHODOLOGY 
 
The methodology of this project encompasses four main pillars (section 2.1-2.4), demonstrated in 
Figure 5. Section 2.1 will discuss the design procedure. Section 2.2 will explain the FEA setup and 
discuss the material model used in the simulations. Section 2.3 will go over the fabrication method. 





2.1 Hierarchical Structure Generation  
 
Hierarchical lattices are structures composed of self-similar or different architected unit cells across 
multiple length-scales. In order to construct such structures, a parametric modeling design tool 
(Rhinoceros 3D) is used to generate the models. The design process starts with the design of the 1st 






Figure 6: 1st order Octet unit cell  












Figure 5: Methodology flowchart   
FIGURE 5: METHODOLOGY FLOWCHART 
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The wireframe of the 1st order is then given a thickness in the form of a pipe of an adequate diameter 
to generate a B-rep model. The diameter of the 1st order lattice dictates how big the design space is 
for the 2nd order cells. The resultant 1st order unit cell B-rep is utilized as the design space for the 2nd 
order cells. The output of the generation process is a 2nd order wireframe lattice. The wireframe can 







The parametric design tool allows the user to change the orientation of the 2nd order cells relative to 
the XY plane. For example, changing the orientation of the second order Octet cells 45 degrees will 









(a)                                                                      (b)                                                                   (c) 
(a)                                                                                                          (b) 
Figure 7: 2nd order Octet unit cell, (a) 1st order Octet [B-rep], (b) 2nd order wireframe, (c) 2nd order Octet [B-rep] 
 
FIGURE 7: DESIGN OF 2ND ORDER UNIT CELL 
Figure 8: Orientation of 2nd order unit cells with respect to XY plane, (a) 2nd order Octet, (b) 2nd order Octet 45d  
FIGURE 8: ORIENTATION OF 2ND ORDER UNIT CELLS WITH RESPECT TO XY PLANE 
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The same approach can be followed for different second order unit cells. For this study, the base 1st 
order lattice will be an Octet. The 2nd order cells that will be investigated vary from an Octet, 
Dodecahedron, to Truncated Octahedron unit cells. The unit cell geometries are shown in Figure 9 










The geometric description for this study is kept constant throughout the various designs, and the 
geometric parameters of the 2nd order unit cells (truss diameter, number of elements across L, 
volume of design space) were maintained the same across all designs. This is summarized in Figure 
11 below.  
(a)                                                      (b)                                                      (c) 
Figure 9: Unit cells used in the 2nd hierarchy, (a) Octet, (b) Truncated Octahedron, (c) Dodecahedron 
             
FIGURE 9: UNIT CELLS USED IN THE 2ND HIERARCHY 
Figure 10: 2nd order lattices, (a) H2 Octet, (b) H2 Trunc.Octa, (c) H2 Dodecahedron                            
       Dodecahedron 
FIGURE 10: 2ND ORDER LATTICES 












2.2 FEA Setup   
 
To observe the effect of the structure’s hierarchical order on the energy-absorption performance, 
lattice models were imported to simulate a compression scenario of a rigid plate pressing against the 
lattices using ABAQUS. Dynamic explicit analysis was used for the 2nd order lattice to incorporate 
geometric nonlinearity that could result from a buckling scenario; whereas implicit analysis was 
sufficient to simulate the 1st order lattice. Instead of using solid continuum elements, beam elements 
were used in this project due to their computational efficiency. On the other hand, when compared 
to other simplified elements such as truss elements, beam elements can account for bending moments 
in addition to axial loadings. Table 1 below summarizes the parameters used for each simulation. For 
all simulations, it was sufficient to apply a hard contact condition with a 0.3 friction penalty between 
the two rigid plates and the deformable lattice for the simulations to converge. The boundary 
conditions were applied at two reference points, each point constrained to each of the rigid plates. 
The bottom plate is assigned a fixed boundary condition, while the top plate is displaced 20 mm in 
the vertical direction in order to cause a 50% overall lattice strain. For the purpose of obtaining 
Geometric Description 
D 6.25 mm 
d 1 mm 




Figure 11:  Geometric description of a 2nd order lattice  




consistent and comparable results, the same approach and boundary conditions were applied to the 
rest of second order lattices of interest. 
 
Parameter 1st Order 2nd Order 
Material properties TPU, E=12 MPa, density 1.12 g/cc 
Pipe diameter 6.25 mm 1 mm 
Impact velocity  20 mm/s 
Mesh element type B31 
(2-node linear beam element) 
B32 
(3-node quadratic beam element) 
Number of elements 396 28752 
Analysis type Implicit Explicit 
Loading condition 50% strain 
 
In order to decide what material model to use in the finite element analysis, a material characterization 
study was done on the polyurethane (TPU) material by conducting a tensile test of a dog bone 
specimen. The specimen is loaded in tension until failure (ultimate strength). Figure 12 below 
demonstrates the polyurethane (TPU) stress-strain curve and its important regions. 
 
Table 1: ABAQUS FEA Setup  
 
TABLE 1: ABAQUS FEA SETUP 




It was observed that for the low stress region, the behavior can be approximated as linear elastic. In 
the case of the investigated lattices, the von mises stresses observed in the FEA simulation (Appendix 
A1-A5) correspond to the low stress region (0 MPa - 4 MPa) in the material model curve, thus, one 
can deduce that if nonlinearity exists, its due to the boundary conditions (CONTACT) and the 
geometry (buckling). Figure 13 demonstrates the difference between the linear model and a calibrated 
model using experimental stress-strain data in ABAQUS. A small difference between the two models 
starts to appear over large displacements, this is where the stresses in the model get close to the plastic 





















Tensile test of  TPU dog bone specimen
Linear region 
Plastic deformation point 
Failure point 
Figure 12: Stress-strain curve of TPU material  





2.3 Fabrication Procedure  
 
Due to the intricate geometry of hierarchical lattices, fabrication was done with additive manufacturing 
using Stereolithography 3D printing technique (also known as SLA). Stereolithography is a form of 
3D printing technology used for creating models, prototypes, patterns, and production parts in a layer 
by layer fashion using photochemical processes by which light causes chemical monomers and 
oligomers to cross-link together to form polymers [14].  
The Form 2 printer was used in this project to fabricate the specimens (Figure 14). The flexible resin 
from FORMLAB is the material used with the Form 2 printer due to its high-performance dampening 
and cushioning effect. After the printing is done, the specimens were placed in the freezer to harden, 


















2nd Order Octet Material Model Comparison 
H2 Calibrated
H2 Linear
Figure 13: FEA material model comparison of linear elastic versus calibrated model using stress-strain data 
















2.4 Experimental Testing Setup  
 
In order to validate FEA results, a compression testing was conducted for all fabricated specimens. 
The specimens were tested under a quasi-static compression at a rate of 7 mm/s (low strain rate), 
compressed to 50% strain (similar to FEA boundary conditions). An Instron 3343 testing machine 










(a)                                                            (b)                                                                    (c) 
Figure 14: SLA 3D printing, (a) Form 2 3D printer, (b)(c) 3D printed specimens 
 
FIGURE 14: SLA 3D PRINTING 
Figure 15: Compression testing using an Instron machine 
FIGURE 15: COMPRESSION TESTING USING AN INSTRON MACHINE 
1 KN Transducer  
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CHAPTER III: FEA RESULTS AND DISCUSSION 
 
In this chapter, the energy-absorption performance of hierarchical lattices will be investigated.  In 
section 3.1, the significance of introducing a hierarchy on energy absorption will be demonstrated. In 
section 3.2, the effect of changing the 2nd order unit-cell geometry on energy absorption will be 
explored. Section 3.3 compares the energy absorption performance when changing the 2nd order unit 
cells orientation to 45-degrees. In section 3.4, the effect of manipulating the truss’s cross-sectional 
geometry on energy absorption will be discussed. 


































Figure 16: Effect of hierarchical order on energy absorption  
FIGURE 16: EFFECT OF HIERARCHICAL ORDER ON ENERGY ABSORPTION 
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Figure 16 above demonstrates the relationship between the force and the displacement for three 
different lattices. From each plot, one can deduce the stiffness K of each structure as 𝐾 =
∆𝐹
∆𝑥
 , and 
the energy absorbed during the low velocity (20 mm/s) compression as 𝑊 = ∫ 𝐹 𝑑𝑥. 
From Figure 16, it can be seen that the 2nd order Octet has a larger energy absorption capacity under 
low loads, and up to 35 N. The 2nd order Octet experiences the plateau stress regime at an early stage 
compared to the 1st order Octet. This is preferable compared to the linear behavior of the 1st order 
Octet. This is because in the 2nd order lattice the energy is dissipated through the buckling effect of 
the trusses, and the friction between trusses upon interaction; and this happens within the 
plateau region, while the transmitted force remains constant during the impact. In the linear region of 
the 1st order lattice, the energy of the impact is not dissipated as much as the 2nd order, and mostly 
transmitted throughout the body along the linear region of the graph.  
The relative density 
𝜌
𝜌𝑠
 of the 2nd order lattice is about 0.286, 𝜌𝑠   is defined as the density of the solid 
material, and 𝜌   is the density of the structure of interest. One can claim that the high energy 
absorption performance is a result of a lower relative density, which causes the material to be softer, 
And thus be more effective in energy absorption applications; However, in Figure 16, the 1st order 
(H1) Octet  with an equivalent density of a 2nd order (H2) Octet  is observed to be stiffer than the 2nd 
order Octet , and has a lower energy absorption performance compared to the 2nd order lattice. Table 
2 below summarizes the energy absorbed of each lattice at the 15 N load mark. 
 
Lattice Design Energy absorbed @ 35 N 
1st order Octet (H1) 0.06 J 
2nd order Octet (H2) 0.28 J 
H1 same relative density as H2 0.07 J 
Table 2: Effect of hierarchy on energy absorption 
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Figure 17 demonstrates the effect of cell geometry of the 2nd order cells on the energy absorption. It 
can be seen that by varying the 2nd order unit cell geometry, we can alter the stiffness and the energy 
absorption performance of the lattice. The 2nd order Octet demonstrated severe buckling behavior 
between the 10 mm and the 15 mm displacement marks, shown as ΔF in Figure 17. The 2nd order 
Dodecahedron and Truncated Octahedron exhibited a foam-like behavior, with a smooth continuous 


































Figure 17: Effect of 2nd order unit cell geometry on Energy absorption  




2nd Order Cell Geometry Energy Absorbed @ 15 N Volumetric Efficiency Factor 𝜼 
@ 15 N 
Octet  0.03 J 0.03 
Dodecahedron 0.08 J 0.12 
Trunc.Octa 0.18 J 0.30 
 
Comparing the energy absorption performance of each lattice, the H2 Truncated Octahedron curve 
covers a larger area than the H2 Dodecahedron lattice at the 15 N mark, and the volumetric efficiency 
of H2 Trunc.Octa is higher than that of H2 Dodecahedron,  we conclude that the H2 Truncated 
Octahedron is the superior option for energy absorption applications. While the H2 Octet can serve 
as a viable option for higher loads scenarios due to its higher stiffness, depending on the impact force. 
The energy absorption efficiency is calculated using equation (1) 





                       (1) 
The results are demonstrated in Table 3 above, it can be inferred that efficiency decreases for those 







Table 3: Energy absorption and volumetric efficiency of hierarchical lattices 
@ 15 N 
Table 3: Energy abs rption and fficiency of hi rarchical lattices  
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Lattice Design Volumetric Efficiency Factor 𝜼 @ 50% strain 
(20 mm displacement) 
H2 Octet  0.35 
H2 Dodecahedron 0.32 
H2 Trunc.Octa 0.30 
 
A comparison was done between the three hierarchical lattices of interest. The volumetric efficiency 
factor was calculated at a strain of 50%. The results are shown in Table 4 above. One can notice that 
the volumetric efficiency factors evaluated at 50% strain in Table 4 are different from the values in 
Table 3 evaluated at 15 N. This indicates that the energy absorption efficiency is not just a function 
of geometry, but also affected by the load or strain applied. 
 
In Figure 18 above, a comparison of the maximum von misses stress in each lattice is demonstrated 
to aid the argument of Figure 17 above. The trend that can be noted here is that the lattice with the 
highest von mises stress (H2 Octet) corresponds to the lattice with the lowest energy absorption 
performance in Figure 17. Similarly, the lattice with the lowest von mises stress (H2 Trunc.Octa) 
corresponds to the lattice with highest energy absorption performance.  






Maximum Von Mises Stress Comparison 
Figure 18: Maximum von mises stress in three H2 lattices  
FIGURE 18: MAXIMUM VON MISES STRESS IN THREE H2 LATTICES 
Table 4: Volumetric efficiency factors at 50% strain of hierarchical lattices 















































Figure 19: FEA Von mises stress contours, (a) H2 Trunc.Octa, (b) H2 Octet, (c) H1 Octet, (d) H2 Dodecahedron 




It’s important to note that the highest stress occurs at a very minimal local points, and the von mises 
stresses at other regions of the lattice is much smaller than the highest local von mises stress. This can 
be seen from the color distribution of the stress contours in Figure 19; and hence the linear elastic 
model was used in this study. In section 2.2 Figure 12, it was established that the plastic deformation 
region starts at about 4 MPa, the results from Figure 19 above indicates that the lattices under 
investigation are operating under the linear elastic model, and experiencing a very negligible plastic 
deformation, allowing the lattices to be used again. Detailed von mises stress contours of all lattices 
in this analysis can be seen in Appendix A. Moreover, Figure 19 (b) above demonstrates a global 
buckling in the lattice, this explains the ΔF observed of the H2 Octet in Figure 17 between the 10 mm 

















In Figure 20 above, a comparison between two H2 Octet lattices is shown. One with the H2 cells 
making a 0-degree angle with the XY plane, the second one with the H2 cells making a 45-degree 
angle with XY plane. The XY plane is defined as a horizontal flat plane. The behavior of the second 
order unit cell orientation was investigated under compression. The 45-degree oriented H2 cells 
showed a less severe global buckling behavior between the 10 mm and 15 mm displacement marks, 
but a higher local truss-buckling effect demonstrated as ripples along the curve. The overall energy 
absorption capacity of the H2 45d Octet is larger than its H2 Octet counterpart, about 20% 



















2nd Order Unit Cell Orientation Effect 
0 degree cell orientaion 45 degree cell orientation
Figure 20: Effect of 2nd order cell orientation on energy absorption  









In Figure 21, the effect of changing the truss cross-sectional geometry is studied. The geometric 
description of each cross section can be found in Appendix B. The results showed that for the hollow 
cross sections, such as the hollow pipe and the hollow hexagonal shape, the buckling occurs in a 
consistent manner, with no abrupt changes in force, this can be seen in the region between the 10 mm 
to the 18 mm displacement marks. In comparison, the solid counterparts such as the solid circular 
pipe, and the solid square, exhibited an abrupt change in the force demonstrated by ΔF in the plot. 
The largest abrupt change in the force (ΔF) corresponds to the stiffest lattice with trusses that have 
























Figure 21: Effect of truss cross-sectional geometry on energy absorption  




According to Newton’s second law of motion, the change in force is interpreted as a change in the 
acceleration rate, which is not something preferable when designing energy-absorption structures. 
The lattices with the trusses of hollow cross-sectional geometry recorded the highest energy 
absorption efficiency, this is because the weaker hollow trusses are more prone to bucking, and thus 
the lattice will absorb more energy upon collapsing.  
Cross section 
Geometry 
Stiffness K Max Magnitude 
of the ΔF 
 
Volumetric energy absorption efficiency 
𝜼 @ 50% strain (20 mm displacement) 
Solid square 8.8 N/mm 20 N 0.33 
Solid circular 6.6 N/mm 12 N 0.35 
Hollow circular 4 N/mm 5 N 0.40 











Table 5: Summary of stiffness, magnitude of ΔF, and Volumetric energy absorption efficiency 𝜼 for various truss 
cross sectional geometries on a H2 Octet lattice 
TABLE 5: SUMMARY OF STIFFNESS, MAGNITUDE OF ΔF, AND VOLUMETRIC ENERGY ABSORPTION EFFICIENCY Η FOR VARIOUS 
TRUSS CROSS SECTIONAL GEOMETRIES ON A H2 OCTET  LATTICE 
Table 5: Summary of stiffness, magnitude of the dip ΔF, and Volumetric energy absorption efficiency 𝜼 for various 
truss cross sectional geometries on a H2 Octet  lattice 
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3.5 Analytical Solution  
 
The analytical solution for the 1st order and the 2nd order Octet lattices were investigated. To obtain 
the effective relative density of a 2nd order Octet lattice we use equation (2) [18]. 
 
 
The relative density of the 1st order is obtained the conventional way:  
                                                                    𝜌1 =
𝑚
𝑉
                                          (3) 
Using the results of equation (2) and (3), we obtain the stiffness for both the 1st and 2nd order Octet 
lattices by evaluating equation (4) and (5) [6]. Where C in equation (4) is a proportionality constant 
close to unity for 
𝜌
𝜌𝑠
< 0.3,  𝐸𝑠 is the stiffness of  the solid constituent material, and 𝜌𝑠 is the density 






Symbol Description Value 
d1 Diameter of second order truss 1 mm 
l1 Length of second order truss 4.5 mm 
Q Number of unit cells across L/2 7 
ρs Density of solid material 1.2 g/cc 
ρ1 Density of 1
st order lattice 0.5 g/cc 
ρ̅(𝑂𝑐𝑡𝑒𝑡)
2
 Density of  2
nd order lattice 0.13 g/cc 
Es Stiffness of  solid material 12 MPa 
E1st order Stiffness of  1
st order lattice 1.2 MPa 
E2nd order Stiffness of  2




















]                   (2)                         
 
 





                                        (4) 
𝐸1𝑠𝑡 𝑜𝑟𝑑𝑒𝑟 = 𝐸𝑠 ∗ 𝐶 ∗ (
ρ1̅̅̅̅
5
)                                                    (5) 
Table 6: Parameters of Analytical Solution 
TABLE 6: PARAMETERS OF ANALYTICAL SOLUTION  
Table 5: Analytical values 












 for the analytical solution 
and the FEA solution as discussed in section 3.1. (𝐸1, 𝐸2) values for the analytical solution are 
obtained from equation (3) and (4). While (𝐸1, 𝐸2) values for the FEA solution were obtained from 
the linear slope of the graph using 𝐸 = 𝐾 =
∆𝐹
∆𝑥
 for macro scale structures. Figure 22 depicts the 
stiffness ratio of H1 and H2 lattices obtained using the FEA and the analytical solution. The difference 








3.6 Experimental Testing 
 
In Figure 23 and 24 below, a force-displacement plot demonstrates the difference in stiffness and 
energy absorption performance between a 1st order (Figure 23) and a 2nd order Octet lattice (Figure 
24). Quantitively, the stiffnesses observed from the experimental plots are different than the ones 
observed from the FEA results; that’s because the material used in the experimental testing is “flexible 
resin”, and has different mechanical properties compared to the TPU model used in FEA. The ratio 






= 17. A source of error that was noticed and could 
elevate the ratio 
𝐸1𝑠𝑡 𝑜𝑟𝑑𝑒𝑟
𝐸2𝑛𝑑 𝑜𝑟𝑑𝑒𝑟
   are fabrication defects in the 2nd order lattice, like broken trusses, which 
9.26 8.57
Ratio of  Stiffness (𝐸1/E2)
FEA Analytical
Figure 22: Ratio of stiffness between H1 and H2 Octet (Analytical and FEA) 




causes the structure to be softer than what it is supposed to be. Another possible source of error is 
the assumption that flexible resin behaves in a linear elastic manner. In figure 24, experimental data is 
compared against simulation data implementing various approximated stiffness values for flexible 
resin. Qualitatively, the buckling behavior shown in Figure 24 is similar to the FEA result discussed 


























Experimental Compression Test 
H1
Figure 23: Experimental force-displacement curve of  H1 Octet  




















Figure 24: Experimental and simulation (linear) plots of H2 Octet 





CHAPTER IV: CONCLUSION AND FUTURE WORK 
 
This study presented hierarchical lattices as one way to create high-efficiency energy absorption 
structures inspired from biological structures. With the continuous advancements in computer-aided 
design and additive manufacturing, such complicated designs are now easily attainable. This study 
investigated the following effects on the energy-absorption performance of hierarchical lattices: 
1. The effect of introducing a hierarchy to an Octet lattice 
2. The effect of altering the 2nd order unit cell geometry 
3. The effect of 2nd order unit cells orientation with respect to the base XY plane 
4. The effect of changing the lattice trusses cross-sectional geometry  
It was concluded that by introducing a hierarchy: 
• The energy absorption performance of the lattice increases four to five times.  
• Introducing a hierarchy increases the number of trusses in the lattice that are prone to 
buckling, which is one of the main mechanisms for energy absorption.  
• Lowering the relative density by itself did not provide the best energy absorption performance, 
it was deduced that the energy absorption is not just a function of relative density, but also of 
geometry.  
• Stiffness by itself doesn’t help in predicting whether a lattice will be a good candidate in an 
energy-absorption application, one has to study other factors such as the force-displacement, 
and the volumetric energy absorption efficiency at the load or strain of interest. 
• Changing the 2nd order unit cell geometry affected the stiffness and the energy absorption 
performance of the lattices, with the H2 Trunc.Octa lattice demonstrating the best energy 
absorption performance under low loads when compared to the H2 Octet and the H2 
40 
 
Dodecahedron lattices. However, over the full range of 50% strain, all hierarchical lattices 
demonstrated similar efficiency, with the H2 Octet showing the highest volumetric energy 
absorption. 
• Changing the 2nd order unit cells orientation by tilting the cells 45 degrees with respect to the 
base XY plane caused a minor increase in the stiffness, and 20% increase in energy absorption 
capacity. It was also noted that the hollow trusses performed better than the solid trusses in 
terms of energy absorption; reducing the material in the trusses reduces the stiffness of the 
trusses, and therefore facilitates the buckling behavior. 
The future work of this study aims at implementing topology optimization algorithms on hierarchical 
lattices in order to obtain an optimized energy absorption lattice for a specific load scenario. In 
addition, since most energy absorption applications are associated with high velocity impacts, such as 
protection equipment in sports and crashworthiness applications, the dynamic behavior of the 
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A. FEA Stress Contour Plots 
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